BN Adsorption 4, 113-147 (1998)
“ (© 1998 Kluwer Academic Publishers. Manufactured in The Netherlands.

On the Optimisation of Periodic Adsorption Processes

S. NILCHAN AND C.C. PANTELIDES
Centre for Process Systems Engineering, Imperial College of Science, Technology and Medicine,
London SW7 2BY, United Kingdom

c.pantelides@ic.ac.uk

Abstract. A rigorous mathematical programming based approach to the optimisation of general periodic adsor
tion processes is presented. Detailed dynamic models taking account of the spatial variation of properties wit
the adsorption bed(s) are used. The resulting systems of partial differential and algebraic equations are redt
to sets of algebraic constraints by discretisation with respect to both spatial and temporal dimensions. Perio
boundary conditions are imposed to represent directly the “cyclic steady-state” of the system. Additional constrail
are introduced to characterise the interactions between multiple beds in the process as well as any relevant de
specifications and operating restrictions. The optimal operating and/or design decisions can be determined by s
ing an optimisation problem with constraints representing a single bed over a single cycle of operation, irrespect
of the number of adsorption beds in the process.
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1. Introduction The performance of PAPs is critically affected by a
number of design and operating parameters. The first
In recent years, periodic adsorption processes (PAPs)category includes the size of the bed(s) in the process
have been finding increasing application as energy- and the physical characteristics (e.g., particle size) of
efficient alternatives to other separation techniques the adsorbent. On the other hand, important operating
(such as cryogenic distillation), and much progress parameters include the duration of the various steps
has already been achieved in improving their perfor- and the overall cycle and the pressure and/or tempera-
mance with respect to both the process economics andture levels in each step. The process designer is there-
the attainable purity of the products (see, for instance, fore confronted with an optimisation problem typically
Ruthven et al., 1994). aiming to minimise the capital and/or operating costs
PAPs are intrinsically dynamic, operating in a peri- of the process while ensuring that minimum purity and
odic mode with a fixed cycle time. The periodic ex- throughput specifications are met.
citation is achieved by a regular periodic variation In view of the large number of degrees of freedom,
of the upstream and downstream conditions of each a mathematical programming approach to the optimi-
bed and the connectivity between multiple beds. sation of PAPs appears to be highly desirable, but this
Depending on the precise conditions being varied, has to address the intrinsic complexity of the processes
we may have different classes of PAP (e.g., the being studied, and in particular the complications aris-
well-known “pressure-swing”, “temperature-swing” ing from their periodic nature. This paper is concerned
or “concentration-swing”). In any case, after a number with establishing a rigorous mathematical framework
of cycles, the bed approaches a “cyclic steady state” for this task.
(CSS) in which the conditions at the end of each cycle  In the next section, we present a general mathema-
are identical to those at its start. tical formulation of the problem. In Section 3, this
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formulation forms the basis for a critical review of ear- 2.1. Adsorption Bed Modelling
lier work on the computation of CSS for PAPs, and
the description of a novel approach for PAP optimi- 2.1.1. Mathematical Model for Interior of Adsorp-
sation. Section 4 presents the application of this new tion Bed. Adsorption beds are intrinsically transient,
methodology to a simple rapid pressure swing adsorp- spatially distributed systems, with the properties in
tion process (RPSA) comprising a single bed and two the solid and fluid phases varying over time and one
steps per cycle. Section 5 considers a more complexor more spatial dimensions. Usually, the mathemat-
process comprising two beds and six operating stepsical description of distributed unit operation models
per cycle, with finite rates of intraparticle diffusion. leads to partial differential equations (PDES) express-
Section 6 concludes with some general remarks on theing the physical laws of conservation of mass, energy
applicability and the limitations of this work. and momentum. Inaddition, algebraic equations (AES)
may be involved in describing relationships between
variables, such as the ideal gas law or the adsorp-
2. Mathematical Formulation of the Periodic tion isotherm for gaS-SOlid equilibrium. Overall, the
Adsorption Optimisation Problem detailed mathematical modelling of the physical phe-
nomena occurring within the adsorption bed leads to

Consider a periodic adsorption process (PAP) compris- Mixed sets of partial differential and algebraic equa-
ing one or more identical packed beds, each undergoingtions (PDAEs) of the general form:
a cycle of durationl, with an operation sequence of

N steps. The duration of stép (k = 1,..., N), is F(X, Xz, Xz2, X, Y, Yz, v) = 0,
denoted byry and its starting time relative to the start Vze (0,L),t € (0, T;] (3a)
of the cycle byt (see Fig. 1). We therefore have the ) T e
timing relations: F(X, Xz, Xz, ¥, Yz, v) = 0,
Vze (0,L),t €[0, Tc] (3b)
N
Z w=Te (1) wherez represents the spatial position in the bed,
k=1 denotes?)—f, andF andF correspond to differential and
tpp=t+w Vk=1....N (@) algebraic equations respectively. Note that the distinc-
tion between the two types of equation is tidt) do
where it is understood that = 0 andty. 1 = Te. not involve time derivatives and also hold at = 0.

This section starts with presenting a general math- On the other handE(.) do involve x and only hold
ematical form for models of the operation of a sin- fort>0; att =0, they are replaced by initial or other
gle adsorption bed. Specific examples of such models temporal conditions (see Section 2.2.1).
are presented in Sections 4 and 5. It then proceeds For the sake of simplicity of notation, here we as-
to consider the modelling of the periodic operation of SUMe a single spatial dimension corresponding to the
PAPs comprising multiple beds. Finally, it considers 2axial position within the bed, i.ez € [0, L] where
some aspects of the corresponding process optimisa-L IS the bed length. However, the methodology to be
tion problem; these include the decision variables at Presented is entirely general and can be applied to any
the disposal of the process designer, the objective func-"umber of spatial domains (see, for instance, the ex-

tion to be optimised and the constraints that the optimal @Mple considered in Section 5). _
solution has to satisfy. We distinguish two classes of variable in the model

(3), namely differential variables(z, t) and algebraic
variablesy(z, t), depending on whether or not their

T, partial derivatives with respect to time also appear in
Step1 | Step2 ; > sepk | Step N-1|Step N the equations. For' the mpdels of interest to this pa-
S S S per, the number of differential (algebraic) variables will
=% — T e equal the number of differential (algebraic) equations.
oo b ¢ R § R In general, the model will also involve spatial deriva-
1 2 3 k kel N1 'N O T . ax 32x dy ..
tives (namelyx, = 5, X;z = 3;, ¥z = 3;) arising

Figure 1 Operating cycle for abed in a periodic adsorption process. from convective and dispersive phenomena. It may also
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involve certain parameteiisthat do not vary with ei- of the system equations are, in fact, identical to the
ther time or spatial position, such as, for instance, the equations themselves. This allows us to have the same
radius of the adsorbent particles. domain of definition forll system equations (3)The

obvious consequence is that the number of Egs. (3), (4)
2.1.2. Spatial Boundary Conditions. The model and (5) is thesamein all three cases, and equals the
Egs. (3a) and (3b) represent the fundamental physicstotal number of variablez andy in the model under
of the adsorption and any other phenomena (e.g., re-consideration.
action in the fluid and/or solid phases) taking place in
the bed. Thus, they are usually the same for all steps2.1.3. Characterisation of State of Adsorption Bed.
of the PAP. What differs from one step to another is the A key assumption of our work is that the variation of the
set of boundary conditions at the two ends of the bed, differential variablex(z, t) in the interiorz € (0, L)
i.e., atz = 0 andz = L respectively. These are of the ofthe bed (i.e., excluding the boundaries) defines com-
general form: pletely and uniquely the state of the bed at a given time
t. More specifically, we assume that, given:

B (x(0, 1), %,(0, 1), Y(0, 1), y,(0, t), Ux(t), v) =0,

Vte (tg,tepr], k=1,....,N (4) o ﬁ(?t,)t),
® Uk
BY(X(L, 1), %o(L, 1), (L, 1), yo(L, 1), U(t), 1) =0, ¢ »

vVt e (t, tkea], k=1,...,N (5)

Vze (O, L)

Egs. (3)—(5) allow us to determine unique values for:

whereB® (-) andBY (-) represent respectively bound-
ary conditions at the left and right boundaries of the bed o X(0, t); x(L, t)
over stepgk. The variablesic(t) appearing in (4) and e y(z,t), Vze|O, L]
(5) represent the feed and product end conditions dur-e X(z,t), Vze (O, L)
ing stepk. These may include the extensive (e.g., flow
rate) and intensive (e.g., composition, temperature and This assumption is, in fact, satisfied by most models of
pressure) properties of any feed or purge streams, andadsorption processes used in practice (see examples in
the downstream pressure for product release or blow Sections 4 and 5).
down. In generalyx may vary over the step but they
can also be constant.
We note that the PDAE system (3a) and (3b) has 2-2.- Modelling of Periodic Adsorption
been written strictly for the interior of the spatial do- Process Operation
mainz € (0, L) and not for the boundaries= 0 and
z = L. The phenomena taking place at the latter are Periodic adsorption processes are intrinsically dy-
supposed to be entirely described by the boundary con-Namic, operating in a periodic mode with a given cycle
ditions (4) and (5). However, although this is true for time. The periodic excitation is achieved by a regu-
models comprising exclusively second-order parabolic lar periodic variation of the upstream and downstream
partial differential equations, it is not generally correct conditions of each bed and the connectivity between
for all PDAE systems. For instance, an equation of multiple beds. We now turn our attention to the math-
state relating the gas phase density, temperature andgematical characterisation of the periodic operation and
pressure is a purely algebraic relation that holds both the interactions among the beds in the process.
in the interior of the bed and at its boundaries, without
the need for separate boundary conditions. Also, in the 2.2.1. Periodicity Conditions. After a sufficiently
absence of dispersive phenomena, Egs. (3a) and (3b)arge number of cycles, the bed approaches a “cyclic
do not involve the partial derivatives,, and require  steady state” (CSS) in which the conditions at the end
boundary conditions at their left boundary & 0) of each cycle are identical to those at its start. In terms
only. of the mathematical model presented in Section 2.1,
In order to resolve the above difficulty without com-  the cyclic steady state can be expressed by:
plicating the mathematical notation, we accept that any
missing “boundary conditions” associated with some X(z,00 =x(z,Tc) Vze (O,L) (6)
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We note that this is sufficient to ensure thlvariables
in the bed (includingy(z, t)) have reached the cyclic
steady state since:

e we have assumed that the valuesxgg, t),z €
(0, L), u(t) andv define the state of the bed at time
t completely and uniquely (cf. Section 2.1.3);

e due to the periodic nature of the external excitation,
ut + Te) = u(t);

e parameters are time-invariant.

2.2.2.Bed Interactions. Inaddition to the periodicity
condition (6), additional constraints are imposed by the

interactions among the beds in a given process. Typ-

ically, the inputs to a bed during stépof the cycle
may involve material being produced by another bed
currently undergoing a different st&jof its cycle. For

timing constraints:

vk, k') € K 9

Tk = Tk

This operational feasibility constraint does not result
in any loss of generality: if a stdpinteracts with only
part of another stelg, then the latter can be considered
as two consecutive steps, respectively with and with-
out interaction with stefx. Overall, we note that, in
constraint (7), as the timevaries over(ty, tc.4], the
shifted timet + Sy varies over(ty, ty + 7] which is
identical to(ty, twy1].

2.3. Optimisation Decision Variables

The cyclic steady state of a periodic adsorption process
implementing a cycle involving a given numbr of

example, in a 2-bed PSA system, some of the product steps with interactions between given pairs of beds at
generated during the adsorption step in bed 1 is used toeach step is determined by:

purge bed 2. Of course, when the system reaches the

CSS, all adsorption beds are operating under identical ¢

conditions with a simple phase difference. Thus, for
example, the variation of the composition of the purge

fed to bed 1 over the purge step is precisely the same as

the variation of the composition of the product stream

from the same bed over the product release step. We,

can, therefore, express the interactions betvatikter-

entbeds in terms of the variables that have already been 4

introduced to describe thgnglebed operation.

In particular, the inputi(t) to the bed during a step
k may be related to the outputs from the bed during a
different stepk’. These outputs can normally be ex-
pressed in terms of the bed variabkgg, t) andy(z, t)
at positionsz = 0 and/orz = L. Mathematically, this
leads to a set of constraints of the general form:

GO (U (t), X(0, t + 8ke), Y(O, t + S,
X(L, t 4+ ki), Y(L,t + b)) =0,
vk, K) e K, t € (tx, tkr1]  (7)

whereK is the set of pairs of step, k') involving
such interactions antiy is the time offset between the
two stepk andk’:

vk, k') € K (8)

Sk =t —

For constraint (7) to be well posed, any two st&ps
andk’ that interact with each other in this manner must

the PDAE system (3) describing the physical phe-
nomena taking place within each adsorption bed,;

o the spatial boundary conditions (4) and (5) describ-
ing how each bed interacts with its environment dur-
ing each stefx of the cycle;

the periodicity condition (6) that ensures cyclic op-
eration;

the bed interaction constraints (7) that describe the
exchange of mass and energy taking place between
two beds respectively undergoing stépandk’ of

the cycle;

e the cycle timing constraints (1), (2), and (9).

We note that the above constraints, in fact, charac-
terise just ssinglebed. Indeed, the number of beds in
the process does not even appear in this formulation.
However, as we assume that all beds are identical and
undergo the same cycle (albeit with a phase difference),
this is sufficient to characterise the cyclic steady state
of the entire process.

Of course, in spite of all the above constraints, the
process designer is still left with a significant degree
of freedom even if both the numbers of steps and beds,
and the nature of interactions between beds at each
step are fixed. The optimisation decision variables may
include:

o the overall cycle timeT;
o the durationry of each stefk;

have the same duration. This leads to the additional e the bed dimensiorl,;
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o the values of the parameterge.g., the size of the  as that of treating any process exhaust streams prior

adsorbent particles); to disposal. Its functional form may vary from one
o the variation of the input variableg(t), Vt € (i, step to another; in factg® may be zero for some
tx+1] over each steg. stepsk (e.g., those involving simple bed depressuri-
sation).

In reality, not all of these can be specified completely ~ The process performance is normally expressed in
independently of each other. For instance, the first two terms of a relatively small set of variablege.g., prod-
items in the above list must satisfy the timing con- uct purity and recovery) that are function&-) of the
straints (1) and (9). Also, some of the input variables cumulative bed product(s) over the entire cycle or parts
(e.g., the composition of the purge stream fed to a bed) of it:
will implicitly be determined by the bed interaction
constraints (7). Other input variables (e.g., the compo- —W(
sition of the feed) will be fixed and will not normally be w=
at the disposal of the process designer. We denote the
vector ofindependenbptimisation decision variables

ter1
/ Q0 (uk(t), x(0, 1), y(0, 1),

t

x(L,t), y(L,))dt; k=1,..., N) (13)

by p:
p={L, v, Uk(),t € (t ], k=1,..., N} These performance variables may be restricted to lie
(10) within given acceptable limits:
wherely denotes the subset of input variables at step w™ < w < W™ (14)

k that can be specified independently. In general, the

admissible values for these variables will be subject to reflecting the performance specifications that the pro-
given lower and upper bounds. We therefore have the cess must fulfil.

additional constraints:

2.5. Spatial and Temporal Domain Normalisation

pmin <p< pmax (ll)
A complication that arises in the context of the optimi-
2.4. Objective Function and Process sation is that the decision variablpanay include the
Performance Specifications lengths of both the spatial and temporal domains, and

these appear only implicitly in many of the equations,
The periodic adsorption process optimisation may aim determining their domain of definition (e.g.¢ [0, L],
to optimise a technical objective (e.g., product purity) t € [0, T¢]). We therefore define a normalised space
subject to various technical and/or economic limita- co-ordinate¢ < [0, 1] and a normalised time co-
tions. Alternatively, it may aim to optimise an eco- ordinatef¢ < [0, 1] within each stegk of the cycle
nomic objective subject to certain minimum perfor- as follows:
mance specifications. In its most general form, it may

be expressed in terms of an objective function of the ‘= E; O = t=t) vk=1,...,N (15)
form: L Tk

1 N, e All partial derivatives and integrals can then be ex-

mgnqﬁ(v, L) + T Z/ w® (u(), x(0, 1), pressed in terms of these new independent variables:
t
y(0, ), x(L, 1), y(L, 1) dt  (12) o 19 2® 19 (16)
_ o 9z Lac’ 9z2 L29¢2

whereg () represents the capital cost depreciation per 9 1
unit time while Wy (-) is the instantaneous operating Pri T 30e vt e (t, tkrals
cost incurred during steg of the operation of the 17)

: 1 1
bed. The operating cost may account for the costs of / 2(t) dt = Tk/ 7 (t + ) Ao

raw materials, feed pressurisation or heating, as well e 0
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Following these normalisations, the model equations
(3a) and (3b) become:
1
Ey;, U) =0

1 1 1
FLX X [2%c Y- e

Vi e(0,1),066e(0,1],k=1,...,N (18a)
_ 1 1 1

F(x, Ex;, an, Y, Ey(, v) =0

Vi €(0,1),6¢€[0,1],k=1,...,N (18b)

and the boundary conditions (4) and (5):
) 1 1
B|_ X(Oa ek)’ EX§ (0’ 9k)7 Y(O, ek)’ Ey{ (07 9k)7

Uk (tk + Bk), U) =0,
Vo e (0,1, k=1,....N (19)

and

1 1
B (x(l, 0, =X (1,60, YL 60, T (L 60,

Uk (tk + k), v) =0,

Voce (0,1, k=1,....,N (20)

This section starts with a brief review and critique of
earlierworkinthisarea. In particular, the interpretation
of this work in terms of the general mathematical for-
mulation of Section 2 allows us to draw some conclu-
sions regarding the relative merits and disadvantages
of the various approaches.

We then proceed to propose a new approach to the
optimisation of periodic adsorption processes based on
the above mathematical formulation.

3.1. Earlier Approaches to Cyclic Steady

State Determination

The traditional approach to cyclic steady state (CSS)
determination has been to apply a Method of Lines
methodology (Carver, 1981; Schiesser, 1991) which
discretises the spatial dimension(s) to reduce the PDAE
system (3) and its boundary conditions (4) and (5) to
a set of ordinary differential and algebraic equations
(DAEs). The CSS can then be established by start-
ing from a given initial condition and simulating the
process operation over a sufficiently large number of
cycles. The bed interaction equations (7) are taken into
account either exactly (by explicitly including multiple
beds in the model), or approximately (by modelling
only a single bed, storing its output during sté@nd
then using it as an input during stkp

We note that all these equations are now expressed over Intégrating the model equations over a single cycle

fixeddomains of unit length while the quantitiesand
T appear explicitly in them.
The objective function (12) is transformed to:

1 i
—_— T
Tei= ‘
X(0, 6), Y(0, 6i), X(1, 6), Y(1, 6k)) dby

1
ming . L) + / WO (U (t + b,
0

(21)

The definitions (13) of the performance measuves
are similarly transformed.

3. Solution Approaches for the Periodic
Adsorption Process Problem

The mathematical formulation presented in the previ-
ous section defines a complex time-varying optimisa-
tion problem. In fact, most of the earlier literature has
been concerned primarily with the solution of the equa-
tions (3) to (7) in order to establish tloyclic steady
statecorresponding to a fixed set of the decision vari-
ablesp defined in Eq. (10).

is equivalent to establishing a mappilg-) that, given

the spatial profiles of the differential variabbest the

start of the cycle, determines the corresponding profiles

at the end of the cycle:
X(z, To) = H(X(z,0)), Vze O,L) (22)

The traditional approach to determining the periodic
steady state can thus be interpreted as an attempt to
enforce the periodicity condition (6) through the suc-
cessive (direct) substitution scheme:

Xz, 0) = H(xI%(z, 0)),

Vze (0,L),c=1,2,3,... (23)
wherec is the cycle counter. One advantage of such
a scheme is that it closely emulates the physical be-
haviour of the process as it approaches the CSS con-
dition. However, from the mathematical point of view,
given the first-order convergence properties of this type
of fixed point iteration, it is not surprising that the
number of cycles required to reach periodic steady



Periodic Adsorption Processes 119

state may be quite large (often of the order of many ratio of the time required for one sensivity evaluation
hundreds). to the time required to do one cycle computation is of

More recent work reported in the literature has been the order of 0.4 wheren is the size of theliscretised
considering ways of improving the rate of convergence. PDAE system (typically of the order of a few hundreds
For instance, Smith and Westerberg (1991) proposed or thousands). Hence, the Newton-type method is com-
using a quasi-Newton method for the solution of the petitive only if it results in 2 or 3 orders of magnitude
equations: reduction in iterations over the successive substitution
method. Furthermore, it is not entirely clear how the
bed interactions can be taken into account in formulat-
ing these sensitivity equatichs

A comparison of the above quasi-Newton methods

The iteration starts with three successive substitution \y;ith two simpler schemes, namely the Aitken method
cycles which permit a diagonal approximation to the  ¢q the acceleration of successive substitution iterations
Jacobian matrix of this system to be constructed. The 514 the Muller generalised secant method, has recently

?nver;e of t.his matrix is updated at each subsequentygan presented by Kvamsdal (1995) who also consid-
iteration using a least-change secant update formula. greqd their use in the context of the optimisation of pe-
The main advantage of quasi-Newton algorithms is jodic adsorption processes.

that, theoretically, they attain superlinear convergence

rates near the solution. However, since the early 1980s,

there has been substantial evidence (see, for instance3.2. Overview of Proposed Approach

Paloschi, 1982) that in most practical applications, sat- to PAP Optimisation

isfactory performance can be achieved only by starting

with, and maintaining, a good Jacobian approxima- It is clear from the above discussion that the efficient
tion throughout the iterations. In practice, this usually computation and optimisation of the CSS of complex
means that the Jacobian must be evaluated using finitePAPs still pose significant challenges. Below, we pro-
differences at the start of the first iteration, and also Ppose a different approach to these problems. We start
occasionally at some of the later iterations. However, With a general overview that aims to establish the key
such an approach would be prohibitively expensive in ideas of the approach. Although the latter is concep-
the PAP context given the size, evaluation cost and tually simple, it involves a number of relatively subtle
complete non-sparsity of the mappihg In particular, mathematical points. We therefore also provide a de-
each evaluation of the Jacobian’sf-) would require  tailed example of the application of the approach to
ND + 1 evaluations of(-) whereND is the number a PAP that is of sufficient complexity to illustrate the
of differential variables generated from the discretisa- various relevant issues.

tion of x(z,t),z € (0,L). Each evaluation of<(-) We start by noting that the main complicating factors
essentially involves the integration of the system equa- inthe formulation presented in Section 2 are the tempo-
tions over a cycle. It is, therefore, doubtful whether ral boundary conditions describing the cyclic steady-
such an approach would result in significant savings in state operation of the system and the bed interactions.
computation. As will be demonstrated in Section 3.3, the handling

X(z,0) — H(x(z,0) =0 (24)

To overcome the above difficulties, Croft and LeVan
(1994a) proposed evaluating the Jacobian matrix of
(24) by integrating the equations that determine the

of such conditions is facilitated greatly if one simulta-
neously discretiseboth the spatial domaiz € [0, L]
and the temporal domaine [0, Tc]. This complete

sensitivities,g:(?g)),t € [0, T, z € [0, L], simulta- discretisation approach immediately reduces the model
neously with the DAEs that characterise the system equations (3), the spatial boundary conditions (4) and
behaviour over a cycle. This permits the application of (5), and the temporal boundary conditions (6) and (7)
Newton’s method to Eq. (24) and therefore guarantees to a sparse set of nonlinear algebraic equations of the
quadratic convergence near the solution provided the form:

sensitivitiesaaf(((zzk), z € (0, L) are computed to suffi-
cient accuracy. The disadvantage is that the computa-
tion time is often increased very substantially because
of the size and non-sparsity of the sensitivities matrix. wherey is the vector of unknowns comprising the val-

For instance, Croft and LeVan (1994a) found that the ues of the variableg andy at a finite set of distinct

f(x,p)=0 (25)
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points on thgz, t) domain, as well as those values of Purge  Repressurisation Feed Blowdown
the input variablesi that are determined by the bed
interaction equations (7).

Given the values of the decision variablps(de-
fined in (10)), Eq. (25) can be solved numerically to
determine the cyclic steady state directly. The Jaco-Bed 2
bian of this system is a sparse matrix that can normally
be computed analytically, thereby allowing the use of a
Newton-type iterative algorithm. Once the CSS is ob-
tained, we can also compute the gradiéi;gtby solving
the sparse linear system:

f f Bed 1
EAE )
ax/op ap

Product Product

solution of Eq. (25).

In the context of optimisation, we note that, from Feed Blowdown Purge Repressurisation
the CSS at a givep, we can easily compute the objec-  step I I m v
tive function (12) and the performance measures (13).
This involves using the discretised variable valyes
to approximate the time integrals in these equations in

a manner consistent to the discretisation of Egs. (3) . L .
to (5). 3.3.1. Domain Normalisation. We start by normalis-

ing the spatialdomain € [0, L] using anormalised ax-
ial position variable; € [0, 1] (cf. Eq. (15)). We also
normalise the temporal domatne [t, tk1] within

each stegk=1, ..., 4 of the cycle to obtain a nor-

where the partial derivatives df are evaluated at the ’ 1 | l

Figure 2  Skarstrom pressure swing adsorption cycle.

Overall, the optimisation problem comprises the ob-
jective function (12) the timing constraints (1) and
(9), the decision variable bounds (11), and the per-
formance constraints (14). This is a rather small non- : ' _
linear programming (NLP) problem expressed entirely Malised time variabléy < [0, 1]. o
in the space of the decision parametprsand can be The spatial and temporal partial derivatives occur-

solved using standard NLP algorithms (e.g., sequential "N in the model equations and boundary conditions
quadratic programming). The latter will require both 2'€ modified as indicated by Egs. (16) and (17). We

the values and the partial derivatives of the objective NOt€ that the transformed model equations and bound-

function and constraints with respectyio The gradi- &/ conditions over steg of the cycle now explic-
ents of (12) and (14) can be expressed in terms of the itly involve the parameterk _andtk. The transformed
quantitiesg—’g computed by solving (26). Egs. (18) hold over a doma}me (0, 1) andéy (0 1].
Also, the transformed spatial boundary conditions (19)
and (20) hold at = 0 and¢ = 1.
3.3. A Detailed lllustration of the Following the above normalisations, the total length
Proposed Approach ofthe time domain for asingle cycle is equal to the num-
ber of stepN inthe cycle, i.e., 4inthis case. The overal
Toillustrate the proposed approach, we consider a pres-effect of the normalisations on the spatial/temporal do-
sure swing adsorption process implementing the stan- main of interest is illustrated in Fig. 3.
dard Skarstrom cycle (Skarstrom, 1960). The cycle  We now turn our attention to the temporal boundary
involves 2 beds and 4 distinct steps, namely feed, blow- conditions that hold at the start of each step We
down, purge and pressurisation (see Fig. 2). recall from Section 2.1.3 that the state of the bed at a
We focus our attention on Bed 1 in the process, as- given timet is determined by the differential variables
suming that a model describing the phenomena taking x(z, t) in the interior of the spatial domaine (0, L).
place within it, and the associated spatial boundary con- Physical conservation laws imply that the values of
ditions atz = 0 andz = L for each step of the cycle, these variables (typically representing the holdups of
is availablé. material and energy in the system) are continuous even
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Figure 3 Normalisation of spatial/temporal domain.

at times when the bed is subjected to discontinuities,
i.e., when one step of the cycle finishes and the next one
starts. This leads to the temporal continuity boundary
conditions:

k=2,...,N

(27)

X(z,t ) = X(z,t7), Vze (O, L),

wheret, denotes the end of stdp— 1 andt the
start of stefk. In terms of the normalised independent
variables, these conditions can be written as:

X(¢, k7)) =x(@, k"), ¥¢e (0D,

k=1,....N—1 (28)

On the other hand, the periodicity condition (6) can
be written as:

X(¢,00=x(¢,N), V¢e(01 (29)

where hereN = 4 (the number of steps in the cycle).

3.3.2. Domain Discretisation. We now proceed to
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Figure 4 Discretised normalised domain.

We now consider the discretisation of the system
equations and boundary conditions. In order to main-
tain the simplicity of the illustrated example, we apply
a centered finite difference approximation to all spa-
tial partial derivatives and a backward finite difference

discretise both the spatial and the temporal normalised @PProximation to all temporal ones. The discretised

domains as shown in Fig. 4. For simplicity, here we
adopt a uniform discretisation with the spatial domain
being divided inton elements of equal length (nodes
0,...,n). Also each normalised cycle step is divided
into m equal elements, leading to a total Nfim ele-
ments (nodes,0.., Nm).

We denote the values of the variablesndy at node
(i, }) (wherei andj correspond to spatial and tempo-
ral positions respectively) as;; andY;; respectively.
Also, the values of the input variableg at temporal
position j (during stepk of the cycle) are denoted by
Ukj .

system equations now become:

F Xij,lXH_lJ_Xi_l’j,
L 25¢
1 Xigrj —2Xij + Xicyj 1 X5 = Xijja
L2 (50)2 "W 80
IR I N ) B
L 2s¢
Vi=1...,n=-1, j=®k-Dm+1,...,km,

k=1,...,N (30a)
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= 1Xi+l]_xiflj
F(xij, =
( L 25¢ ’
1 Xigaj — 2Xij + Xioaj
L2 (8¢)2 ’
Yij’lw,v —0,
L 2¢
Vi=1...n—1 j=0,...,Nm (30b)

wheres andsd are the widths of the spatial and tem-
poral discretisation elements respectively. The discre-
tised boundary conditions can be written as:

1 Xq1j — Xoj
(k) 1 0
B! (XOJ"E Ja; -, Yo
1 Y1) — Yo
T 7U‘a =y,
L s Y v)
Vi=k-1m+1,....km, k=1,...,N (31)
and
1 Xnj — Xno
(k) nj n—-1,j
BR <Xn]st 8{ aYnj,
1Yni — Yn_1j
—_— nl’J,Ukj,v =0,
L &

Vi=k—-—Dm+1,....,km, k=1,...,N (32)
whereUy; are the values of the input variablagt) at
the jth temporal node.

We note that the continuity conditions (28) are au-
tomatically satisfied in the discretised system since the
latter allocates ainglevariableX;; at each nodé, j)
on the boundary between stdps- 1 andk of the cy-
cle (e, fori =1,...,n—-1j = (k—1Im,k =
2,..., N). However, the periodicity conditions (29)
have to be expressed explicitly in terms of the discre-
tised variables. They take the simple form:

Xio= Xinm, Vi=1l...,n-1 (33)

The discretised boundary conditions (31) and (32)
for stepk of the cycle concern respectively nod8sj)
and(n,j) for j = (k—1Im+ 1, ...,km. Thus,
the boundary conditions that are assumed to hold at
j = kmare those for steg (rather thark + 1) of the

A problem that arises at this point is that we have
not imposed boundary conditions fgr=0, i.e., for
nodeg0, 0) and(n, 0) on Fig. 4. However, at CSS, the
start of Step 1 of a cycle coincides with the end of the
previous one; therefore, for consistency with the way
the boundaries between stéq@ndk+1 are handled for
k # N, we choose to enforce the boundary conditions
for the last stefx = N also atj = 0:

1 X10 — Xoo

B (Xoo, R

1 Y10 — Yoo
L oC

1 Xno — Xno
B';N)<Xn0’ E n0 8( n—-1,0

1Yh— Yno
—_—F.U ,v]=0 (35
L U ) =0 (35)

3.3.3. Bed Interactions. So far, we have considered
one adsorption bed in isolation. We now proceed to
examine the interactions between the two beds in the
standard Skarstrom cycle. In particular, we note that
the stream being fed to bed 1 during Step Il (“purge”)
of each cycle is part of the product of bed 2. Of course,
at CSS, both beds operate identically with a simple
phase difference. Hence theensiveproperties of the
input to bed 1 during Step lll are determined by the in-
tensive properties of the product of the same bed during
Step I. For instance, the compositions (mole fractions)
of the two streams are identical while their tempera-
tures and pressures are related via the characteristics
of the connecting valve and associated pipework.

Referring to the general formulation of the bed inter-
action constraints presented in Section 2.2.2, we note
that the seK of interacting step pairg, k') for this
process has a single element:

» Yoo,
7UN,Nma v) =O (34)

» Yno,

K ={@3 1)} (36)

and that the interactions take place at the (normally)
product end of the bed (i.ez = L). The general
interaction constraints (7) can therefore be written as:

G (Us(t), X(L, t + 831), (L, t + 5a1) = O,
Vt e (t3,ta] (37)

cycle. This is consistent with the temporal domain of where:

definition (i.e.,t € (t, tk+1]) of the original boundary
conditions (4) and (5).

o=t —tz3=—(11+ 1) (38)
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Combining (37) and (38), we obtain: the above set leaving the vector of independent degrees
of freedom:
GO (us(t), x(L, t =71 —72), Y(L, t — 71 — 12)) =0,
Vt € (ts, ta] (39) p={L,{m,k=1,...,N},v, {Ukj,j
=k—-—Dm+1,....km k=12 4}} (42)
Equation (39) can now be expressed in terms of the
discretised variables. In particular, we note that the  For ease of notation, we introduce the vector of un-

time domairt € (ts, t4] corresponds to nodgs= 2m+ knowns:
1, ..., 3mwhile theshiftedtimet — 7; — 75, t € (13, t4] . .
corresponds to nodeg = 1,...,m. We therefore x={Xj.Y,i=0,...,n;j=0,...,Nm} (43)

write (39) in discretised form as:
Finally, the set of equations listed in Table 1, once
G(3*1>(U3,2m+j, Xnj» Yaj) =0, ¥j=1,...,m relations (40) have been used to eliminate the inputs
(40) {Usj, j =2m+1,...,3mj}, is denoted byf (-). Over-

all, we have a system gNm+ 1)(n+ 1)(N X+ NY)
3.3.4. Degree of Freedom Analysis.The discretisa-  nonlinear algebraic equations jn
tion grid illustrated in Fig. 4 involveéNm+ 1)(n+ 1)
nodes. Therefore, the number of discretised variables f(x,p=0 (44)

X;; andY;; is given by:
which, of course, is identical to (25).
(Nm+1)(n+ DH(NX+ NY) (41)

3.3.5. Process Optimisation ConsiderationsSince
whereN X andN Y are the numbers of differential vari-  the choice of values of the degrees of freedpreom-
ablesx and algebraic variablgsin the original PDAE pletely determines the process performance via the so-
system (3). lution of Eqgs. (44), these are also the potential opti-

We now proceed to count the discretised equations misation parameters. However, not all of these are
as shown in Table 1. We note that the total number of independent: for the standard Skarstrom cycle consid-
equations is equal to the number of variablgs and ered in this section, the bed interactions imply that the
Yi;. Infact, these equations can, in principle, be solved durations of the feed and purge steps must be equal (cf.,
for Xj; andY;;j if the quantities: constraints (9)). We therefore have:

L, {n. k=1,..., N}, T1=713 (45)

v.{Uqg. = (k-Dm+1... kmk=1....N} with the overall cycle timeT. being given by:
are givert. However, we note that the input variables
Uy for stepk = 3 are determined by the bed interaction
Egs. (40). We, therefore, remove these variables from

Te=nu+n+unt+nu (46)

In practice, the decision variableswill also be sub-
ject to bounds of the form shown in Eq. (11).

Suppose that the objective of optimisation is to min-
Equations Number imise the work of feed compression that is necessary for
producing product of a given minimum purity. Since

Table 1 Total number of discretised equations.

(30a) Nm(n — N X feed compression occurs at the feed end of the bed (i.e.,
(30b) (Nm+Dy(n - DHNY z = 0) during Steps | and IV of the cycle, the mean
(Ch) Nm(N X+ NY) work of compression per cycle is generally given by:
(32) Nm(N X + NY)

(33) (n— HNX , ©

) NX b NY mrgn Tc|:/t; W (u(t), x(0,1), y(O, 1)) dt

(35) NX+NY

To
TOTAL (Nm+ D+ D(NX+NY) +/ L1’(U(t),X(0,t),y(O,t))dt} 47)

ty
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whereW (-) represents the instantaneous work of com- and then approximate it in terms of the discretised vari-
pression for given input variablas (e.g., feed pres-  ablesXy; andYy;:

sure and flowrate) and bed inlet condition®, t) and
y(0,1).> We first express this objective function in
terms of the normalised time varialglén stepsk = 1
andk = 4 (cf., Eq. (21)):

m
M, ~ le)»jQK(an,Ynj) (52)
i—o

The minimum purityw* constraint on a certain com-

1 1 nentc* can then be written simply as:

mpln?[n/ W(u(r10), X(0, 6), y(0, 6)) do ponenti™ can then be written simply as
0

c

, M, .
+r4/ WUty + 146 — 3), 2 M
3

In conclusion, the optimisation problem comprises
X(0, 6), y(0, 0)) d9} (48) the discretised objective function (49), the timing con-
straints (45) and (46), and the performance constraints
(53). The discretised variables;; and Y;; are not
treated as optimisation variables since they can always
be calculated by solving (25) once the optimiser fixes
the values of the decision variablgs This then al-
lows us to calculate the values of the objective function
(49) and the constraints (53) for any set of the values
of p. In addition to these values, the optimiser may
also require the values of the gradients of the objec-
tive function and constraints with respectfo These
can be computed using the chain rule of differentiation
" applied to (49) and (53) with the partial derivati\i’é%
min 1 [,l Z’\i W(Ugj, Xoj, Yoj) and% obtained as indicated by Eq. (26).
P Te j=0 The overall computational scheme is as shown in
am Fig. 5. We note that the optimiser solves a relatively
_ _ oy small optimisation problemin the variablpsnly. The
1 ) Aan¥Uag, XOJ’YOJ)] (49) bulk of the computational effort is, in fact, involved
in repeatedly solving the large systems of nonlinear

> w* (53)

We can now approximate the integrals above in terms
of the discretised variablgs;, Xo; andYp; using an
approximation that is consistent with the method used
for partial derivative approximation (see Oh, 1995 for
athorough discussion and derivation of such methods).
In general, any such approximation method will replace
the integrals with a weighted sum of the values of the
integrands at the discretisation nodes. We therefore
obtain the discretised objective function:

j=3m

where A, j = O,...,m are appropriate weighting algebraic equations (25) to determipefor given p.
factors determined by the choice of approximation A Newton-type iterative scheme may be used for this
method. purpose.

Finally, we turn our attention to the purity constraint ~ The nexttwo sections consider the application of the
mentioned earlier. In practice, this purity will be ex- technique to two PSA processes.
pressed in terms of the total amount of each component

produced by the process during Step | of the cycle, and 4 cgse Study I: Air Separation Using Rapid
these amounts will be given by integrals of the form: Pressure Swing Adsorption

M, :/ Q. (X(L, 1), y(L, ) dt (50) 4.1. Introduction
0

The single-bed rapid pressure swing adsorption
where Q. (-) would typically be the instantaneously (RPSA) process for gas separation was initially pro-
molar flowrate of component leaving the bed. Once  posed for the separation of a nitrogen and methane mix-
again, we can first normalise the above integral to: ture (Kowler and Kadlec, 1972; Turnock and Kadlec,
1971). Among the pressure swing adsorption pro-
cesses, the RPSA process offers not only the sim-

1
M. = Tl/(; 2,(x(1,0), y(1,6))do (51) plest configuration but also relatively high adsorbate
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Initial Optimal product product
guesses for p values
p
Optimiser
— timing constraints (1), (9)
- bounds on p (11) g
= 3
S o
p= 4
Objective ! E‘:
function = %
p . Z =
constraint 8 o,
values — O
o o
Objective
function
+
constraint
Solve (25) to gradients
calculate y,
pressurise depressurise
with feed to exhaust

Solve (26) to Figure 6 Simple rapid pressure swing adsorption cycle.

calculate 3y /3p

bed. The pressure at the product end is approximately
constantover time, which is useful for continuous prod-
uct release.
productivities for small-scale and low purity separa-  The specific process of interest to this case study
tions (Jones and Keller, 1981; Pritchard and Simpson, is air separation using an adsorption bed of zeolite
1986). 5A which preferentially adsorbs nitrogen and leaves
Asillustrated in Fig. 6, the simple RPSA cycle com- oxygen in the product stream. The feed pressure con-
prises two basic steps: pressurisation by feed gas andsidered is in the low pressure range3(bar). Thus
countercurrent depressurisation with internal purging. the rapid pressure swing adsorption process can be as-
The adsorption bed consists of small adsorbent parti- sumed to be isothermal and described by a linear ad-
cles with average size between 200—708 in diam- sorption isotherm. All necessary data were obtained
eter, with pressurisation and depressurisation steps offrom Alpay (1992).
equal durations, normally in the range of 1-5 seconds. This section starts with a mathematical model for
The effectiveness of self purging within the RPSA ad- adsorption in the RPSA process. We then carry out dy-
sorption bed results from a combination of a fast cycle namic simulation over a number of cycles to determine
time together with a small particle size leading to steep the cyclic steady-state in the traditional manner for a set
and periodically varying pressure gradients within the of base conditions. The results obtained are compared

Figure 5 Computational scheme for PAP optimisation.
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with those from the complete discretisation approach whereP is the pressurel the temperature, and the
of the type described in Section 3.2. Finally, the RPSA universal gas constant.

process is optimised with respect to the feed pressure,

cycle time, bed length, and adsorbent particle size.

4.2. Mathematical Model for the RPSA Process
4.2.1. Model Assumptions. Our model is based on
the following assumptions:

. The bed operates isothermally.
. No radial variations occur in the bed.
. The ideal gas law holds in the fluid phase.

A WN PR

tion, bed bulk density, and particle size) are uniform
and constant.
. Axially dispersed flow takes place in the bed.

(2]

6. The axial pressure drop in the bed can be described

satisfactorily by Darcy’s law.

Pressure Drop Equation: The steady state momen-
tum balance of gas flow at low velocity through a
packed bed can be expressed by Darcy’s Law:

oP  180uv (1 — &p)?
9z dg £g

vze O,L] (57)

whered, is the particle diameter and the gas visco-
Sity.

. All adsorption bed parameters (i.e., bed void frac- EqQuilibrium Isotherm: We employ the simple linear

isotherm:

qi*zmipi, i=1,...,cC VZE[O,L] (58)

wherem; is the adsorption isotherm gradient for com-

7. The mass transfer rate is described by a linear driv- ponemj and pi the Corresponding partia| pressure.

ing force model.

4.2.2. Governing Equations. We consider a bed sep-
arating a mixture ot components. Based on the as-
sumptions listed in Section 4.2.1, the following mod-
elling equations are derived:

Mass Balance: The component mass balance in the
adsorption bed is expressed by:
aci aqi

a(wC)
Et —
ot

92C;
= D — pp—
oz T2 TP

Vze (O,L),i=1,....c (54)

wherev is the superficial gas velocitg; the gas phase
concentration of componentD; the axial dispersion
coefficient of componernit, p, the bed density; the

solid phase concentration (in moles of adsorbent per kg

of solid), anc; the total bed void fraction expressed by:

et = &p + £p(1 — &p) (55)

whereey, represents the bed void fraction anglthe
particle porosity.

Ideal Gas Law:

P C
=>'C vzelo.l]

i=1

(56)

Rate of Adsorption: The rate of adsorption is approx-
imated by a linear driving force model (Glueckauf and
Coates, 1947):

aq;

Wzki(qi*_qi)’ i=1...,c Vze][O,L]
(59)
The mass transfer coefficiektis given by:
15¢p(1— D
k=2l omebs o (g

rg oM RT

Tp

wherer , is the particle radius<£d,/2) andr, the par-
ticle tortuosity factor. We assume that the diffusion
coefficientDy, is given by (see Ruthven, 1984):

1 1 1
=—+— 61

where Dy and Dy, are Knudsen and molecular diffu-
sion coefficients respectivelyd, is proportional to the
inverse of the pressure according to the Chapman-
Enskog kinetic theory (see Bird et al., 1960 is
taken as a constant.

4.2.3. Boundary Conditions. The governing equa-
tions in Section 4.2.2 represent the physical behaviour



ofthe rapid pressure swing adsorption process inthe ad-
sorption bed under all conditions. However, the bound-

ary conditions are different for each of the two operat-
ing steps:

Atthe Feed End: The boundary conditions during the

pressurisation step at the feed end of the adsorption bed

(z=0) are:
U<Ci = Vit

wherey; ¢ is the mole fraction of componentn the
feed, andl's andP; are the feed temperature and pres-
sure respectively.

Pt aC; .
_— = D'—, | :1,
RTf) "oz

P=P (62)
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stream over a cycle and the amount of oxygen fed
to the bed:

Joeu(L, )Coy(L, ) dt
foTC/Z v(0,1)Co, (0, t) dt

Note that the integral in the denominator is taken
over the first half of the cycle only (i.e., the pres-
surisation step).

3. Theadsorbent productivitydefined as the amount
of oxygen produced per unit adsorbent weight and
time (mol kg™t s71):

Recovery=

(67)

fo¢ v(L, H)Co,(L, t) dt

Productivity=
oLl Te

(68)

The boundary conditions during the depressurisation 4.2.5. Cyclic Steady State ConditionsAt cyclic

step at the feed end of the adsorption ked O are:

aC;
LA

=0, i=1...,cc P=P,

(63)
whereP,, is the exhaust pressure.

Atthe Product End: The boundary conditions during

both the pressurisation and the depressurisation steps Ci(Z 0)=Ci(z, To),

atthe product end of the adsorption lzed L are given
by:
oG
0z
Q Patm
vV =
AP
where Q is the desired product gas volumetric flow

rate (corrected to atmospheric pressixg,), and A
the cross sectional area of the adsorption bed.

L i=1... (64)

,C

(65)

4.2.4. Performance Measures for the Rapid Pressure
Swing Adsorption Process. The separation perfor-

mance of the rapid pressure swing adsorption process

(RPSA) process is assessed on the basis of:

1. Theoxygen product puritydefined as the ratio be-
tween the amount of oxygen collected in the product
over a cycle and the total amount of the product:

Jocv(L,)Co, (L, t)dt

Yo fot v(L, HCi(L, Hdt

Purity= (66)

2. Theoxygen product recoverylefined as the ratio
of the amount of oxygen collected in the product

steady state (CSS), the conditions at the end of each
cycle are identical to those at its start in both gas
and solid phases. Mathematically, the conditions for
the CSS can be expressed in terms of the differen-
tial variablesC;(z,t), vz € (O, L) (cf., Eq. (54)) and
gi(z,t),vz € [0, L] (cf., EQ. (59)):

Vze O,L),i=1,...,c
(69)
,C
(70)

QI(Zvo):ql(ZvTC)y VZE[O, L], | =1,

At CSS, the molar amoumd; t.eq0f each component
i fed to the bed over a cycle must, in principle, equal
the sum of the amountd; productandM; wasteCollected
in the product and waste respectively. In practice, this
is not exactly true due to the use of numerical discreti-
sation. As a check on the accuracy of the latter, we
define the relative mole balance error as:

Mi,feed_ Mi,product_ Mi,waste
Error, =

’

i=1...c (71)

Mi feed

4.2.6. Numerical Considerations. The mathematical
model of the rapid pressure swing adsorption process
is represented by a system of partial differential and
algebraic equations (PDAES). In order to reduce these
PDAEs to ordinary differential and algebraic equa-
tions (DAES) in time only, the discretisation method
of orthogonal collocation on finite elements (OCFEM)
(Carey and Finlayson, 1975; Finlayson, 1980) is ap-
plied to the spatial domain.
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Table 2 Numerical discretisation characteristics. The modelling, simulation and optimisation of
. the RPSA process were carried out usgigROMS
Spatial Temporal .
Description discretisation  discretisation (general PROcess Modelling Sysjemsoftware pack-
age for the modelling and simulation of processes
Discretisation method OCFEM BFDM with combined discrete and continuous characteristics.
Order of approximation 3 2 gPROMSalso allows the direct modelling of systems
Number of subdomains 6 30 described by PDAES; the numerical discretisation is ap-
Collocation points/Grid nodes 19 31 plied automatically to these equations reducing themto

DAEs. More information on the package can be found

in (Barton and Pantelides, 1994; Oh and Pantelides,
Table 3 Optimisation decision variables for air separa- 1996).

tion by a rapid pressure swing adsorption process.

Base Lower  Upper

Decision variable value  Units bound bound 4.3.  Simulation Conditions

Particle sized, 3025  um 100 1000 The RPSA process feed is air at 290 K. The key pro-
Bed lengthL 1.0 m 0.4 1.6 cess design and operating decision variables are listed
Cycle time,Te 3.0 s 1.0 50 in Table 3, together with their base values. The table
Feed pressurd®; 212 bar 1.0 3.0 also shows the range of values for each of these vari-

ables that will later be considered for the purposes of

process optimisation. It should be noted that, through-
One possibility (considered in Section 4.4 below) is Out this case study, the durations of the pressurisation

simply to integrate the DAESs over time. This is done anddepressurisation steps were keptequal to each other

using the DASOLYV code (Jarvis and Pantelides, 1992) (= cycle time/2).

with absolute and relative tolerances of 20 Table 4 shows physical properties of the Zeolite 5A
The alternative Comp|ete discretisation approach re- used in air separation as well as other relevant data.

quires further discretisation of the temporal domain

to reduce the DAEs to systems of nonlinear algebraic 4.4. Dynamic Simulation of the Rapid Pressure

equations. A second order backward finite difference Swing Adsorption Process

method is applied to the temporal domain in this case.

The characteristics of the numerical methods used areThe dynamic simulation of the rapid pressure swing

summarised in Table 2. adsorption process is performed to predict both the

Table 4 Data for RPSA process model.

Quantity Description Value Units

dpore Pore diameter a2x 106 m

Di Axial dispersion 108 m? st
coefficient ( = 1, 2)

£p Adsorbent void fraction 0.55 —

£p Bed void fraction 0.35 —

b Bed bulk density 800 kg m?

Tp Particle tortuosity factor 3 —

m Adsorption isotherm [®8x 1076, m?molN-1kg?!
gradient [Ny, O] 1.43x 107

Patm Atmospheric pressure 1 bar

Py, Exhaust pressure 1 bar

Q Product delivery rate ¢ m3s1

(at atmospheric pressure)
m Gas viscosity Bx10°° Nsm2




initial transient and the cyclic steady state behaviour.
Starting from a given initial condition, the perfor-
mance of the system is simulated over a large num-
ber of cycles until the system reaches the cyclic steady
state.

4.4.1. Initial Conditions. The gas phase in the bed
is assumed to be initially at the feed (air) composition
and atmospheric pressure:

Patm

Ci(Z,O)=yi,fﬁ,

Vze (O,L),i=1,....c
(72)

The solid phase is assumed initially to be at equi-
librium with the gas. This is conveniently expressed
as:

G

E(z,O):O, vze[O,L],i=1,...,c (73)

which simply states that the rate of adsorption is ini-
tially zero everywhere in the bed.

4.4.2. Dynamic Simulation Results. Dynamic simu-
lations were performed for the base case values givenin
Table 3. The discretised system involves 192 ordinary
differential and algebraic equations. Its simulation over
3000 cycles takes approximately 150 minutes ona SUN
UltraSPARC workstation. In fact, little change occurs
after 2000 cycles.

A number of additional dynamic simulations were
performed to determine the effect of the particle size,

bed length, feed pressure, and cycle time on the oxygen

product purity at CSS. Only one parameter was varied
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4.5. Direct Cyclic Steady State Determination
by Complete Discretisation

Section 4.4 employed the traditional approach to ob-
taining the cyclic steady state using dynamic simula-
tion. The latter mirrors the behaviour of the real sys-
tem in that a large number of cycles is required for the
system to reach CSS. We now consider the alternative
method proposed in Section 3.2 which simultaneously
discretises both the spatial and temporal domains in
order to determine directly the cyclic steady state. In
particular, the temporal domain is now discretised us-
ing a second order backward finite difference method
on thirty time intervals of equal duration (cf., Table 2).
As in the dynamic simulation case, the spatial discreti-
sation is based on third order orthogonal collocation on
six finite elements.

4.5.1. Comparative Results.Table 5 presents a
comparison of results obtained using the dynamic sim-
ulation [DS] and the complete discretisation [CD]
approaches to determine the CSS at the base condi-
tions listed in Table 3. It can be seen that generally
both approaches produce results that satisfy the overall
O, mass balance over a cycle to satisfactory accuracy.
This provides some evidence that the spatial discreti-
sation used is sufficiently accurate for the purposes of
predicting the overall bed performance.

In addition to the major process performance indi-
cators defined in Section 4.2.4, Table 5 also reports the
relative difference between each pair of corresponding
results. This is calculated as:

%Relative Difference

_ [CD Result]— [DS Result]

100
[DS Result] x

(74)

at atime, all others being kept at their base case values.

Figure 7(a) shows the effect of particle size on prod-
uct purity. Poor performance is observed when the
particles are too small (less than 20f) or too large
(greater than 70@.m).

Figure 7(b) shows the effect of the bed length on
product purity. The oxygen product purity decreases
when the bed is too short (less than 0.5 m) or too long
(more than 1 m).

Figure 7(c) shows that oxygen product purity in-

Since the same spatial discretisation was used in both
types of approach, this relative difference reflects pri-
marily the error incurred by the discretisation of the
temporal domain in the [CD] approach. Of course, the
numerical integration of the dynamic model in the [DS]
approach is also equivalent to a discretisation of the
temporal domain and, therefore, is subject to approx-
imation errors too. However, this integration is car-
ried out at very high accuracy using a variable step

creases monotonically with feed pressure. Onthe otherlength/variable order method.

hand, Fig. 7(d) indicates that there exists an optimal
cycle time for which the oxygen product purity is max-
imised.

The relative differences listed in Table 5 indicate ex-
cellent agreement between the two approaches. Infact,
Nilchan (1997) reports detailed comparative results for
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Table 5 Dynamic simulation and complete discretisation results for RPSA process at base case conditions.

Performance Dynamic Complete % Relative
measure simulation discretisation Units difference
O, purity 89.35 89.18 % -0.19

O, recovery 3.52 3.53 % 0.56
O, productivity 236 x 1074 235x 107 mol kgt s~1 —0.42

O, relative mole balance error —0.006 —0.003

Average power requirement 101.45 100.79 W —0.65
CPU Time (SUN UltraSPARC) 7080 577 S —91.85

60 runs spanning the entire decision variable ranges erties of the Newton iteration algorithm used, the so-
indicated in Table 3. She demonstrates that the resultslution of all but the first run is obtained in a very small
generally agree within 1% or better. The most serious number of iterations. Again, the interested reader is re-
exception to this remark was found to occur at very ferred to Nilchan (1997) for detailed results illustrating
short cycle times, at which discrepancies of up to 10% this aspect of the numerical solution.

are observed. This is to be expected: short cycle times
correspond to steep temporal variations of the condi-
tions in the bed, which results in higher discretisation
errors incurred by the fixed time grid used by the [CD]
approach. Clearly, a finer temporal grid is necessary in
such cases.

4.6. Optimisation of the Rapid Pressure Swing
Adsorption Process

The performance of the RPSA process is affected by
a number of highly interacting design and operating
parameters. In this section, the formal mathematical
4.5.2. Numerical Efficiency Considerations.The optimisation approach proposed in Section 3.2 is em-
complete discretisation approach results in a system pjoyed to determine the values of these parameters that
of 3743 nonlinear algebraic equations describing the minimise the power consumed by the feed compression
RPSA behaviour over a single cycle at the cyclic steady while maintaining a minimum purity of the oxygen.
state. The Jacobian of the system has 32476 non-zero The theoretical workW (J mol2), per mole of gas
elements. The equations were solved using a NeWtOﬂ-Compressed for a Sing|e stage compressor is given by
type iterative method implemented gPROMS the (McCabe et al., 1985):

iterations were initialised with all gas-phase concen-

trations being set to 8.60 mol T, all solid-phase con- k Ps 7
W:( )RTf < ) -1 (75)

centrations to 0.07 mol kg, all pressures to fOPa K_1
and all velocities to 5 10-3 m s~1. Convergence was

achieved in 26 iterations. wherek is the ratio of the specific heat capacity at con-

All complete discretisation [CD] computations were - stant pressure to the specific heat capacity at constant
carried out on a SUN UltraSPARC 143 workstation yojyme (for airk = 1.4). The average power require-

with 256 Mb of memory. The CPU times required for - ment s given by:

the base case solutions for both the [CD] and the [DS]

(over 2000 cycles) approach are also shown in Table 5. Wy, fOTc/Z v(0, 1)C; (0, 1) dt

These are typical of the more extensive results reported ~ Power= T (76)

by Nilchan (1997) who found that the [CD] approach ¢

is generally an order of magnitude faster than the [DS]  The minimum acceptable oxygen product stream pu-

one. rity is set at 89% while the product stream volumetric
Furthermore, it is worth noting that the [CD] ap- flowrate Q is held constant at 18 m® s~* (corrected

proach becomes even more competitive if several re- to atmospheric pressure). The cycle time, particle size,

lated runs are carried out in sequence, with the solution bed length, and feed pressure are treated as decision

of each one serving as the initial guess for the next. In variables with fixed lower and upper bounds, as listed

this case, due to the local quadratic convergence prop-in Table 3.

Patm




132 Nilchan and Pantelides

Table 6 Optimisation results and computational statistics for the RPSA process.

Decision variable Process performance
Computational statistics
dp L Te P O Purity Power
Run  (um) (m) (s) (bar) (%) (W) CPUtime (s) Workstation  Opt. itér
1 300.9 1.0 3.0 24 89.0 100.2 597 UltraSPARC 2
2 302.5 1.05 3.0 21 89.0 100.7 538 UltraSPARC 2
3 302.5 1.0 500 2.1 89.1 79.4 533 UltraSPARC 2
4 302.5 1.0 3.00 211 89.0 99.6 526 UltraSPARC 2
5 347.8 1.002 4.7 1.99 89.2 75.5 6257 UltraSPARC 11

aNumber of optimisation iterations.
*Decision variable fixed at corresponding base case value.
TOptimal value of decision variable at upper bound.

We start by performing a humber of optimisation process performance at cyclic steady state as predicted
runs, in each of which only one of the four decision by the dynamic simulation to that predicted by the op-
variables is allowed to vary, all others being held at timisation run. It is clear that the solution suggested
their base case values. The results obtained and soméy the optimisation is a true reflection of the process
computational statistics are reported in the first four performance and does indeed result in significant im-
rows of Table 6. provement over the base case.

We then carry out a further optimisation run allowing
all four decision variables to be varied simultaneously.
The optimal values determined in run 1-4 are used as
the starting point for this optimisation. The results
obtained are reported in the last row of Table 6. We
note that the optimal value of the objective function
(75.5 J mot?) is about 25% smaller than that for the
base case (100.8 J mé), and considerably smaller
than that attained by any one of the single variable
optimisation runs 1-4. Moreover, this optimum was
obtained within only 11 optimisation iterations taking
approximately 100 minutes of CPU time on a desktop
workstation.

Of course, since the optimum point was obtained
using a complete discretisation approach, the accuracy5.1. Process Description
of the time discretisation method used is a potential
concern. We therefore verify the process performance The pressure swing adsorption process considered here
predicted by the optimisation by carrying outadynamic uses a carbon molecular sieve to produce a nitrogen-
simulation over 3000 cycles with all decision variables rich stream from air. The process exploits the different
fixed at their optimal values. Table 7 compares the diffusion rates of oxygen and nitrogen within the pores

of the adsorbent particles. In particular, the diffusion
Table 7 Verification of RPSA optimisation results via dynamic ~ Of nitrogen in a carbon molecular sieve is much slower
simulation. than that of oxygen, and therefore nitrogen is separated
Optimal values  Values calculated % Relative @S & pure product. Thus, the separation is kinetically
Results  Units predicted by [CD] by [DS] difference  controlled. This process operates almost isothermally.
A micropore diffusion model is developed to sim-

5. Case Study IlI: Air Separation for N,
Enrichment using a Modified PSA Process

The previous section showed how the approach pro-
posed in Section 3.2 can be used for the direct opti-
misation of a simple PAP involving just a single bed
and two operating steps per cycle. In this section, we
consider a more complex PAP that involves two inter-
acting beds with six steps per cycle. The mathematical
adsorption model employed is also much more com-
plex than that used in Section 4.

O?Lencgit‘i’sn w 75.45 575 0.40 ulate a modified pressure swing adsorption for bulk
binary kinetic separation, taking account of both the

Oxygen % 89.18 89.48 0.33 ; . . :
purity isotherm non-linearity and the concentration depen-

dence of the micropore diffusivity. The necessary data
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. Desorption.Bed 1 is disconnected for a while with

the feed end open and the product end is closed.
During this time, the small amount of the slower
diffusing component (B) which has been adsorbed
during the adsorption step, desorbs. At the same
time, bed 2 is used for product generation.

. Second Pressure Equalisatiofihis is the same

as the first pressure equalisation with the flows
reversed.

Typical durations for the adsorption and desorption

operating steps are 60 s. The other four steps are much
shorter, typically 2 s.

5.2. Mathematical Model

For a kinetically controlled pressure swing adsorption
were taken from Hassan et al. (1986) and Farooq and Process such as the one considered here, a proper rep-

Ruthven (1991).

The process employs a modified Skarstrom cycle
which performs six operating steps in two adsorption
beds (see Fig. 8). Two pressure equalisation steps wer
added to the original Skarstrom cycle (see Fig. 2) witl
the replacement of the purge step by a desorption step.
The advantage of eliminating the purge step is that the
product recovery is enhanced (see Hassan et al., 1987
The pressure equalisation steps exploit the blowdown
of the high pressure bed to pressurise the low pressure
one. This reduces the amount of energy required for
the pressurisation.

The modified Skarstrom cycle comprises the follow-
ing steps:

1. PressurisationBed 1 is pressurised with the feed 1.
gas at the feed end of the bed while the product end 2.
is closed. At the same time, bed 2 is blown down to
the lower operating pressure (usually atmospheric). 3.

. Adsorption.The high pressure feed is fed to bed 1 4.
where the faster diffusing component,{Qs ad-
sorbed onto the solid particles, leaving the slower

diffusing component (B) as a product in the exit 5.
stream. The product end is opened and thesN
withdrawn. At the same time, bed 2 is desorbed. 6.

. First Pressure EqualisatiorBoth feed and product
ends of the two beds are connected to each other to
ensure a rapid gas transfer.

. Blowdown.The pressure in bed 1 is reduced to the
low pressure by releasing gas at the feed end while 7.
the product end is closed. During this time, bed 2
is pressurised with feed gas at the feed end.

resentation of mass transfer kinetics is essential for
accurate prediction of the system performance over a
relatively wide range of conditions. Thus, instead of
Characterising the adsorption rate by a simple linear
h driving force model (cf., Section 4.2.2), here we em-
ploy a more realistic representation which describes
the diffusion of the adsorbed components within the
)_micropores of the solid particles. The concentration
dependence of the diffusivity within the micropores is
also accounted for. An equation describing the mass
transfer across the external film of the adsorbed phase
provides the necessary link to the gas phase.

5.2.1. Model Assumptions. The main assumptions
for our mathematical model are as follows:

The process operates isothermally.

The pressure drop along the adsorption bed is de-
termined by Darcy’s law.

The ideal gas law applies to the fluid phase.

The equilibrium relationship for both components
is represented by a binary Langmuir isotherm with
the same saturation capacity for both adsorbates.
The flow pattern is described by the axial dispersed
plug flow model.

The adsorbent consists of uniform microporous
spheres. Any macropore diffusional resistance is ne-
glected. The controlling diffusional resistance in a
kinetic separation is in the micropores of the adsor-
bent.

The gradient of chemical potential is taken as the
driving force for micropore diffusion with a constant
intrinsic mobility. This leads to a Fickian diffusion
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phenomenon in which the diffusivity is a function
of the adsorbed phase concentrations.

8. The fluid and solid phases are linked through an
external film resistance.

9. No variation of conditions occurs in the radial di-
rection within the bed.

5.2.2. Governing Equations. For ease of reference,
the symbols used in our model are listed in Table 8.

Gas Phase Mass Balance:The mass balance for each
component within the gas phase is given by:

aC
ot

9°Ci 9(wC) 1l—¢ 3 "
02 oz e Ry '
Vze (0,L),i=1,...,c (77)

L (Ci —Cr,.i).

Equilibrium Isotherm: The equilibrium concentra-
tioninthe gas phager, ; is related to the concentration
gr,.i ONnthe surface of the solid through the equilibrium

isotherm:
ORpi biCr,.i

= , Vze[0,L],
qS,i 1+ th:zl bJ CRP*J

i=1...,c (78)

Ideal Gas Law: Ideal gas behaviour is assumed:
° P

Ci=—, Vze[O,L 79

2.C=gy el ()

Pressure Drop Equation: The pressure drop along the

axial direction of the adsorbent bed is described by

Darcy’s law:
P 180uv (1 — ¢)2
— == A o,L 80
9z (2Rp)2 &3 zelo.L] - (80)

Adsorbed Phase Mass BalanceThe rate of adsorp-
tion within a particle is given by the standard diffusion
equation in spherical coordinates:

qu 1] 0 zaqi
— = —| — [ Dirc—1,1{, Vvr 0, Rp),
ot r2[8r< oar € 0. Rp)
ze[O,L],i=1,...,c (81)
We note that the adsorbed phase concentratipase

functions of both axial positioz within the bed and
radial positionr within the particle, as well as time

In particular, the solid surface concentratigrg; (z, t)
are equivalent tg; (z, Ry, t).

The following expressions for the micropore diffu-
sivity D; (i =0, N2) in a binary Langmuir system
with constant intrinsic mobilitiesg o,, Don,) have
been suggested by Habgood (1958) and Round et al.
(1966):

Doo, [ AN,/ " |
Do, = — 2% |(1_¢ ) ,
%= 100, — On, _( N:) + o, 300,/ |
vr [0, Rp].z€ [0, L] (82)
Do i dqo,/or 1
Dy, = ——22 (19 0 2 ,
A N _( 0:) + b, 30,/ |

vr €0, R)].z€ [0, L] (83)

wheres;, = q; /s, -

The appropriate forms for the diffusion equations
are obtained by substituting these expressions in the
particle balance equation (81). Thus, the mass balances
for the two components in the adsorbed phase can be
expressed as:

9do, _ Do.0,
3t 1— 6o, — 6,

9%an, 290w
+902< 8r22 r 8r2> *

9°do, , 2040,
[(1_9'\‘2)( ar?2 +r_ or )

Do.o,
(l - 002 - 0N2)2

360, 96N, | (990, | 90N
1-6 2 46 2 : %),
X[( No) 5~ oo ]( or | or
vze[0,L],r € (0,Ry) (84)
ION, Do N, 82qN2 2 90N,
= d 1_9 o
It 1_902 —QNZ ( Oz) ar2 + rar

82qo 2900 Do
9 2 - 2 ', IN2
+ N2< oz T 8r> +(1—902—9N2)2

6N, 6o, anz+aq02
ar ar ar ar )’

vze[0,L].r € (0.R,) (85)

X [(1—902) + 0N,

Note that, in the derivation of these expressions, it
is assumed that the saturation limit is the same for
both componentgyp, s =0n,.s): if this is not true, the
expressions will contain additional terms (Farooq and
Ruthven, 1991).
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Table 8 Summary of symbols used in modified pressure swing adsorption model.

Symbol Quantity described Units
bi Langmuir constant for component m? mol~!
c Number of components —
Ci Gas phase concentration of component mol m—3
Cry.i Equilibrium concentration of componeint mol m—3
in external film
C, Valve coefficient m s mdl? K/2 kg=1/2
DL Axial dispersion coefficient fs—t
Di Micropore diffusivity of componerit m? st
Do Intrinsic mobility of componenit m? st
in microparticle
k¢ External film mass transfer coefficient mis
L Length of adsorbent bed m
MW, Molecular weight of component kg mol~t
n Average molar flow rate mols
P Gas phase pressure Pa
P Feed pressure Pa
i Adsorbed phase concentration of comporient mol m—3
ARp.i Adsorbed phase concentration of comporient mol m—3
on surface of particle
Os,i Saturation limit of componerit mol m~3
r Radial distance within particle m
R Universal gas constant JmdlK 1
Ry Bed radius m
Rp Particle radius m
t Time S
to Starting time of the pressurization step S
tsa Starting time of the adsorption step S
tea End time of the adsorption step s
tsb Start time of the blowdown step S
ted End time of the desorption step s
T Operating temperature K
Te Cycle time s
v Fluid velocity mst
Vi f Molar gas fraction of component —
in feed stream
z Axial distance m
& Bed void fraction —
0 Normalized adsorbed phase concentration —
of component (= q; /0s,i)
m Gas viscosity Pas

135
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5.2.3. Gas Phase Boundary ConditionsThe precise

form of these boundary conditions depends on the cycle
step performed. If a gas stream is entering or leaving
the bed during a cycle step, the velocity is given by the
valve equation (see Chou and Huang, 1994a, 1994b):

2 _p?
Cvﬁ\/%lﬂgmsg/@
if Plower > 0'53Pupper
R T

Here, P is the pressure at the end of the adsorbent bed.
Pupperand Power are the pressures on either side of the

valve such that the former is always larger than the

latter.

V=

(86)
Pupper
P

if Power < O~53Pupper

Incoming Gas Stream: The concentration of each
component at the bed inlet is determined by the
Danckwert’s boundary condition:

P

U(Ci _yi,fﬁ) =D

During the adsorption stepy; ;¢ is the mole fraction
of component in the fresh feed. On the other hand,
for the pressure equalisation stepy is, in fact, the
mole fraction of componenmin the gas leaving the high

oC;
L 9z s

i=1...,c (87)

The velocity at a closed bed end is also zero:
v=0

5.2.4. Adsorbed Phase Boundary Conditions.
Boundary conditions are needed to describe the condi-
tions at the centre and on the surface of the adsorbent
particle.

Centre of Adsorbent Particle: The usual radial sym-
metry condition at = 0 leads to:
bg _
ar

0, VvzelO,L], 1,....c (92)
Surface of the Adsorbent Particle:On the surface of
the adsorbent particle (= Ry), the mass transfer by
diffusion to the surface must equal the mass transfer
rate across the external film:

8 "
i% = K¢ (Ci — Cri.i),

vzelo,L], i=1....,c (92)

D

whereD; are given by expressions (82) and (83).

5.2.5. Performance Measures for the Modified
Skarstrom Cycle Process.Additional equations are
needed to calculate variables which are useful in
analysing the performance of the process:

pressure bed. This can be related to the concentrations

at the end of that bed via:
_ CiupRT

1,...,cC

Vit , (88)

Pup
The velocity of the incoming gas stream is deter-
mined by the valve equation given above.

Outgoing Gas Stream: The axial gradient of the con-
centration of each component at the end where a gas
stream is leaving the bed is zero:

3Ci .
0z

0, (89)

The velocity of an outgoing gas stream is determined
by the valve equation given above.

Closed Bed End: At a closed bed end, the axial gra-
dient of the concentration of each component is zero:

oG

07
0z

i=1..c (90)

1. Theoxygen impuritys defined as the mole fraction
of oxygen in the product averaged over the adsorp-
tion step at cyclic steady state:

1
tea

28 Ci, (L Do(L Dt

lsa M o/
8 Co, (L.Du(L, byt

yoz,product - (93)

1+

2. Theproduct recoverys defined as the ratio of ni-
trogen in the product to nitrogen in feed:

Jie Cry (L, Hu(L, ty dit
Ji& Cry(0, v (0, 1) dit

reGy, = 94)

3. Theaverage production ratachieved by each col-
umn is the molar flow rate at the product end of the
adsorbent bed during the adsorption step divided by

the entire cycle timeT:

187‘[R§

T. RT

tea
/ o(L,HP(L,t)dt (95)
tsa

r‘]product =
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4. Thefeed ratefor each column is the molar flow at Table 9 Range of investigation of design parameters and base
the feed end of the bed during the pressurisation and ¢ase values.

adsorption step averaged over the entire cycle time, Decision Investigation ~ Base case
Te: variable Units range value
Feed pressure bar 2.0-6.0 3.0
- 1em R,g tea
Nieed = — ——2 / v(0,t)P(0, t)dt  (96) Bed length m 0.1-0.5 0.35
Te RT to Pressurisation time s 1.0-10.0 2.0
. .. Adsorption time S 30.0-100.0 60.0
5. Theaverage power requiremeover acycle is given L
by' Pressure equilisation time S 1.0-10.0 2.0
’ Blowdown time s 1.0-10.0 2.0
= Desorption time s 30.0-100.0 60.0
Wwn
Power= —Tfeed (97)

c

first order backward finite difference method using 72
intervals of equal length is used for this purpose.

As in the case of the RPSA process considered ear-
lier, the model was implemented, simulated and opti-

5.2.6. Cyclic Steady State ConditionsThe periodic- mised using thgPROMSsoftware (cf., Section 4.2.6).
ity conditions for the CSS can be expressed in terms

of the differential variable€; (z, t), vz € (0, L) (cf,, ] ) N
Eq. (77)) andyj (z.1.1),Vz € [0, L].t € (0, Ry) (cf., 5.3. Simulation Conditions
Eq. (81)):

whereW is the work of compression per mole of feed
given by Eq. (75).

The PSA process feed is air at 298 K. The key process
design and operating decision variables are listed in

Ci(2.0 =Ciz To), Table 9, together with their base values. The table also

Vze (O,L), i=1....,c (98) shows the range of values for each of these variables
G(zr, 0 =q(zr, T, that will later be considered for the purposes of process
optimisation.

vzelo. L], reORpi=1....c (99) Table 10 shows physical properties of the adsorbent

. . . . and other relevant data.
5.2.7. Numerical Considerations. The mathematical

model of the PSA process considered in this section
involves a system of partial differential and algebraic 9-4- Dynamic Simulation of the Modified Skarstrom
equations (PDAES) in time and two spatial dimensions. Cycle Process
A third order orthogonal collocation method on fi- ) ) .
nite elements was used for the discretisation of both the AS With the previous case study, we start by carrying
axial and the radial domains. The axial domain was di- Ut dynamic simulation over a number of cycles in
vided into four equal elements for this purpose. On the order to establish the CSS in the traditional manner. It
other hand, the entire radial domain was represented byShould be noted that the model that we used for this
a single element. This was adequate given the fact thatPUrpose incorporatetsvo beds and models rigorously
only diffusive mass transfer takes place in this domain @ll interactions between them.
and, consequently, steep radial concentration fronts are
unlikely to form. 5.4.1. Initial Conditions. The gas phase in the two
The discretisation of the two space dimensions re- beds is assumed to be initially air at 1 bar and 3 bar
sults in a system of 794 ordinary differential and al- respectively. The adsorbed phase is assumed to be in
gebraic equations. As described in Section 5.4 below, equilibrium with the gas phase (cf., Eq. (73)).
these can be integrated directly; this was done using
the DASOLYV code (Jarvis and Pantelides, 1992) with 5.4.2. Base Case Dynamic Simulation Results.
absolute and relative tolerances of 20 Figure 9 shows some aspects of the approach of the 2-
The alternative complete discretisation approach re- bed PSA system to the CSS. The amount of oxygen im-
quires further discretisation of the temporal domain. A purity in the product, recovery of nitrogen, production
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Table 10 Data for modified Skarstrom cycle process model.

Symbol Description Value Units

bo, Langmuir constant for © 35x 103 mé mol~1

b, Langmuir constant for N 3.37x 1073 m® mol~1

Cy, Valve coefficient at the feed end »410°8 m s mol/2 K1/2 kg—1/2
during pressurisation

Cu, Valve coefficient at the product Bx10°  msmol/2 KY2 kg~1/2
end during adsorption

Cus Valve coefficient at the product 8108 m s mol/2 K1/2 kg=1/2
end during pressure equalisation

Cu, Valve coefficient at the feed 2108 m s mol/2 K1/2 kg=1/2
end during blowdown

Cus Valve coefficient at the feed Fx 102  msmol/2 K2 kg=1/2
end during desorption

D, Axial dispersion coefficient 9Hx10°6 m2 st

m Gas viscosity Bx10°° Pas

Do.o, Micropore diffusivity of oxygen 675 x 1078 m?s1

Do,N, Micropore diffusivity of nitrogen U75% 10°° m?s1

k¢ Mass transfer coefficient 0.02 mks
in external film

MWo, Molecular weight of Q@ 0.032 kg mot?

MWy,  Molecular weight of N 0.028 kg mot?

Patm Exhaust pressure 4 10° Pa

05,0, Saturation constant for O 2.64x 10° mol m—3

Os.N; Saturation constant for N 2.64x 10° mol m—3

Ry Bed radius 0.0175 m

Rp Particle radius 0.003175 m

e Bed void fraction 0.4 —

R Universal gas constant 8.314 JmbK~1

T Temperature 298.15 K

Yo,feed  Mole fraction of G in feed 0.21 —

YNofeed  Mole fraction of N in feed 0.79 —

rate and feed rate are monitored during the first 7680 cycle at CSS. The difference in the mole fraction dur-
seconds (60 cycles) of the simulation. It is clear that ing high pressure and low pressure steps can easily
this time is sufficient for the system to reach CSS. be seen. The drop in nitrogen mole fraction is caused
Figure 10 shows the pressure variation within the by the saturation of the adsorbent particles. The fast
firstbed overacycle at CSS. Results are shown for three changes of the mole fraction at the end of the cycle are
positions, namelg = 0,z = L/2 andz= L. It can a consequence of the pressure equalisation introduc-
be seen that no significant pressure drop occurs within ing gas of a completely different mole fraction into the
this bed. On the other hand, it is interesting to note that bed.
the desorption of material out of the adsorbent particles  Figure 12 shows the time variation of the oxygen
into the gas phase causes the pressure to increase duringoncentration within the adsorbed phase at L /4.
the initial part of the desorption step (i.e., the period The radial positions studied (0, 0.21Rg3 0.788R,
from 66 sto 126 s). Once this gas has left the bed at the and R;,) correspond to the positions of the collocation
open feed end, then the pressure starts dropping againpoints. As can be seen, the concentration increases
Figure 11 shows the time variation of the nitrogen during the high pressure steps and decreases during
mole fraction at five different axial positions over a the low pressure steps.
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Figure 10 Pressure variation at base case conditions during cyclic steady state.
5.5. Direct Cyclic Steady State Determination Section 3.3.1 (see also Fig. 3) assigns equal importance
by Complete Discretisation to all steps in the cycle by reducing each one of them

to a normalised length of 1.

We now attempt to determine the CSS directly via  The problem with the above situation is that apply-
the complete discretisation approach of Section 3.2. ing a uniform discretisation grid to tm@rmalisedime

An implementational complication arises in this con- domain will actually result in a much finer time dis-
text. This is caused by the fact that the adsorption cretisation for the four shorter steps in comparison to
and desorption steps are much longer than the otherthe two longer ones. To a certain extent, this is jus-
steps in the cycle for this process. On the other hand, tified given the fact that time variations are normally
the time-domain normalisation procedure described in much faster during the short pressure equalisation and



Periodic Adsorption Processes 141

0.00
- = - 0.25
“““ 0.50
—-—- 0.75
- 1.00

Mole fraction of nitrogen (-)

0 20 40 60 80 100 120 140
Time (s)

Figure 11 Nitrogen mole fraction variation at base case conditions during cyclic steady state.

I
[l ol ol o

blowdown steps. However, to achieve a more efficient Table 11 Dynamic simulation and complete discretisation results
utilisation of the time discretisation grid, we make the for modified Skarstrom cycle process at base case conditions.

long steps four times longer than the short ones in the

% Rel.
“normalised” time domain. Thisisillustratedin Fig. 13.  Performance measure [DS] [cD] Difference

) O3 impurity (%) 12.91 12.90 -0.07

5.5.1. Compgratlve Results.Table 11 compares the N5 recovery (%) 69.91 67.45 _3.45

values of various process performance Measures Prespqqgion e (nors) 597x 10 584x 104 218
[ namic simulation an m is-

cted by the dynamic simulation and compiete dis- -, (molsh) 9.40x 10~* 9.55x 10°* 1.60
cretisation methods. The relative differences reported

Average power 1.13 1.15 1.77

in this Table are computed according to Eq. (74). It can

[ t(W
be seen that this is generally of the order of 2%. requirement (W)
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Figure 12 Adsorbed phase oxygen concentration variation at base case conditmﬁs?during cyclic steady state.

Figures 14 and 15 show more detailed comparisons behaviour of the process with reasonable accuracy. The
of the dynamic simulation and complete discretisation largest discrepancies occur during the blowdown and
results. Each figure displays 6 pairs of axial profiles of pressure equalisation steps, during which the fastest
a different quantity. Each pair involves one axial pro- temporal variations take place.
file computed using dynamic simulation and the corre-
sponding one obtained using complete discretisation;
both profiles are shown at the middle of each of the 6 5.5.2. Numerical Efficiency Considerations.The
operating steps of the cycle (cf., Section 5.1). More complete discretisation approach results in a system of
results of this type are given by Nilchan (1997). 15487 nonlinear algebraic equations with a Jacobian

The overall conclusion is that the complete discreti- matrix with 96552 non-zero elements. The equations
sation approach is generally successful in predicting the were solved using a Newton-type iterative method
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% Pressure Table 12 Optimal decision variable values
equalisation I for the modified Skarstrom cycle process.
S
’ Decision variable Units  Value
Feed pressure bar 2.60
] Desorption
- ] Bed length m 0.5
e Pressure equalisation 1T
Pressurisation time s 5.74
7 Desorption o Adsorption time s 60.51
o Blowdown - Blowdown Pressure equalisation time s 3.07
] N S 12 .
= o7 Pressure equalisation I Pres:surve BIOWdOWn time S 10.0
o equalisation | Desorption time s 30.0
o Adsorption
S Pressurisation
0 Axial position 2 DR Adsorption interactions between the two beds in the process con-
RN strain these two steps always to be of equal duration
N (cf., constraint (9)).
pressuriation The objective function to be minimised is the aver-
0 age power requirement (see Eg. (97)). The maximum

0 [3 1

(a) Original domain (b) Normalised domain

acceptable oxygen impurity in the product stream is set
at 12.9% and the minimum acceptable average produc-
Figure 13  Normalisation of spatial/temporal domain for modified  tion rate at 5.84x 104 mol s 1. These are the values
Skarstrom cycle process. predicted by the complete discretisation approach un-
der base case conditions (see Table 11).

The optimisation run is performed by varying all
seven decision variables simultaneously. The optimum
is obtained within 6 optimisation iterations taking ap-
proximately 220 minutes of CPU time on a SUN Ultra-
SPARC workstation. This computational time is only
The total CPU time required by the complete about5times higher than the time required to determine

discretisation approach was 3700 seconds on a@ Single CSS using dynamic simulation.
SUN UltraSPARC workstation. The corresponding The pptlmal values of the decision variables are
CPU time for the dynamic simulation approach was shown in Table 12, and the values of key performance

2600 seconds (for the 60 cycles required to reach CSS).Parameters in the third column of Table 13. By com-
Thus, for this process, the computation of a “one-off” paring these results with the corresponding base case

CSS using the complete discretisation approach is more V2lues (last column of Table 9, and third column of
expensive than with the dynamic simulation one. How- Table 11 respectively), it can be seen that the optimi-
ever, the real advantage of the new approach lies in its sation has resulted in a 14.5% reduction in the average

improved efficiency for parametric studies (see com- POWer requirement. Both the product purity and the
ment at the end of Section 4.5.2), and also in its suit- product throughput constraints are satisfied by the op-

ability as the basis for formal process optimisation. ~ timal solution.
As in the case of the RPSA process, we seek to ver-

ify the results of the optimisation by carrying out a
5.6. Optimisation of the Modified Skarstrom dynamic simulation over a sufficiently large number of
Cycle Process cycles with all decision variables set at their optimal
values. The comparative results obtained are shown in
We now turn our attention to the optimisation of the Table 13. It can be seen that the agreement between
modified Skarstrom cycle process. The optimisation the prediction of the complete discretisation and the
decision variables are those listed in Table 9. We note dynamic simulation approaches is good, and that the
that the duration of only one of the two pressure equal- improvement in performance predicted by the optimi-
isation steps is an independent decision variable: the sation is not the result of numerical discretisation error.

implemented ingPROMS the iterations were ini-
tialised with all concentrations (in both the gas and
solid phases) being set to 200 motall pressures to

3 x 10° Pa and all velocities to 0.1 nT& The solution
was obtained in 19 iterations.
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Table 13 \Verification of optimisation results via dynamic simulation for the modified Skarstrom
cycle process.

Performance Optimal values Values calculated Relative
measure Units predicted by [CD] by [DS] difference (%)
Oy impurity % 12.89 12.99 -0.76

N> recovery % 67.60 68.45 —-1.24
Production rate mol g 5.84x 104 5.95x 1074 —1.84
Feed rate molst 9.52x 104 9.47x 1074 0.52
Average power requirement W 0.98 0.99 -1.01
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‘{,/ A e
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Figure 14 Base case nitrogen mole fractions in the gas phase obtained using dynamic simulation [DS] and complete discretisation [CD].
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Figure 15 Base case oxygen concentration at the particle surfaee@003175 m) obtained using dynamic simulation [DS] and complete
discretisation [CD].

6. Concluding Remarks process and the interactions among the various beds in
it. A variety of process performance constraints can
This paper has presented a methodology for the opti- also be formulated mathematically in this context. The
misation of periodic adsorption processes operating at objective function is generally a combination of the
cyclic steady state conditions. The approach is basedcapital and operating costs of the process. The size of
on a general mathematical formulation of the problem the formulation is independent of the number of beds
as a mixed set of partial differential and algebraic equa- in the process.
tions (PDAES) subject to a set of spatial and temporal  The numerical method proposed for the solution of
boundary conditions expressing the periodicity of the the above optimisation problem employs simultaneous
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discretisation of both spatial and temporal variations, when dealing with processes producing very high pu-
which greatly facilitates the handling of the complex rity products. On the other hand, it should also be
boundary conditions. The PDAE system and its bound- recognised that already it is possible to solve general
ary conditions are reduced to a set of nonlinear alge- sparse systems involving more than 200,000 nonlinear
braic equations. The process performance constraintsalgebraic equations. Further improvements in the reli-
and the objective function can also be expressed asability and efficiency of numerical methods, and also
nonlinear algebraic functions of the same discretised the increasing availability of high performance com-
variables. puters will certainly widen the scope of problems that

Overall, this leads to a nhonlinear programming prob- can be handled using our approach.
lem (NLP) with a large number of variables and con-
straints, but a relatively small number of degrees of
freedom. The NLP is therefore solved using a sequen- Acknowledgments
tial quadratic programming algorithm operating in the
reduced space of these decision variables. A Newton- The authors wish to acknowledge the contribution of
type iteration is used to solve the discretised equations Ralph Schellen in preparing the initial version of the
for any given set of values of the decision variables model used in Section 5 of this paper.
manipulated by the optimiser.

Itis interesting to note that simultaneous spatial and
temporal discretisation has been used before in the con-NOteS
text of the simulation of periodic adsorption processes , _ . .

. . . 1. Forinstance, inthe case of the equation of state mentioned above,
(See’ forinstance, Hassan et a_l" 1986; AlpaY’ 19_92’ Al- we would treat it as one of the algebraic equation (3b) that are
pay et al., 1993). However, this was primarily viewed valid in the interior of the spatial domain, but we would also in-
as an alternative to employing an integration algorithm  clude it as one of the left and right boundary conditions (4) and
for progressing time over a succession of individual cy-  (5) respectively.
cles, rather than as a means for the direct determination® g;l"ﬂ and LeVan (1994a, 1994b) consider single bed processes
and/for optlmlsatlon_ of the CyC!IC Stead_y State_' . 3. On)(/e'such model is presented in Section 5 for amodified Skarstrom

Occasional mentions of the idea of directly imposing  ¢ycle PSA process.

a periodic boundary condition in conjunction with a si- 4. Note that the input variabldd;p do not actually occur in the
multaneous spatial and temporal discretisation scheme equations under consideration (cf. Egs. (31) and (32)) and are
have also appeared in earlier literature (see, for in- _ tlherefor_e notincluded here. _

stance, Croft and LeVan, 1994a). However, to our ™ n practice)y () is likely to be a function oft only.
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